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ABSTRACT

a*i
Lot {w ~1be a sequence of positive constants and W

nW n
w+ ... + w nwhere W n~ and 4 . Let {X n ) be a sequence

of independent random ~elements in D[0,11. The almost sure con-

vergence of n= Wk X is etbihdunder certain integral
n

conditions and growth conditions on the weights {w 1.The results

are shown to be substantially stronger than the weighted sums

convergence resuilts of Taylor and Daffer (1979) and the strong

j laws of large ni Ders of Ranqa Rao (1963) and Daffer and Taylor
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INTRODUC'TION.

* The convergence of weighted sumis of random elemenmts in DLO,IJ was ob-

tained by Taylor and Daffer (1979) using a number of conditions such as convex

tightness, moinent conditions, aind others. fn this paper both thle moment cond i-

SionlS alld tHe Lighatness conditions are substLa ntal ly relaxed in obtaining the

iiosL s'ure convergence2 ot weiLghtedl sums of random elements in DLO,ij. In

M iddition, a brief discussion of the necessary integral conditions will be

incl udedc which will deu lea te t lm~ersul ts a mad preyvious work. -

ILuL DI 0,1 1(= D) denvte Olme space of real-valued functions onl LO,l I which

arc right continuous and possess left-hand limits for each t6rO,11. Let thleI ~I I i near space 1) be equm ipped wit-h te topology generated by the Skorohod metric
d and let j jdenote thle uniform norm, xj xfl sup Ix(t) I for x cD.

teFO'l] W
Next, let (W, A, P) denote a probability space. A random element Xin D is aA

Afunction X: f2 -~ D which is measurable with respect to the Borel sets of the

Skroo topology. Random elements InI D are characterized by thle propertyIia ~)I admvral o ahtL~j h expected value EX C D

nor--ni Lh Skrohd ictrc ams be found ill Iii Li ngs icy (1968), ppi. 109-153

adTaylor (1978), pp). 153-184.

V17 2. ~ l CONOri'fIOs.

Inl obtainini the si conjg law of large numbers for independent , ident ic-ally

di tribut ud randoma ciemeIlt S ill 1), Rangam Rao (1963) used tile followtlig crumra

I.S 2 .I X Ls ;I random element II oDwi th Ell XIl,, <:s then for each 7

~3i
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mx Sul) EIX(t) AY(s)I :5 C. .)

lIn extending inequality (2.1) to a sequence of random elements and in

trying to obtain strong laws of large numbers for non-identically distributed
random elements, tlue fol lowing formutlation of integral properties were noti-

D)EFINITION. A sequence of random elements [X Iin 1) iq said to satisfy
(.4 ropcty(RR) if I or each C > 0 there exists a partition

0 t < t I <... < t ft I of 10,11j such Ltat

Sup) itdX sup LIXt W X (L) :5 C. (2.2)
L *i+t

00 ) rt2p L)Lv, (60T if for vc i-t > 0 t here exists at pJ It L ion

0 0 < L1<... < t = I vi 1 0, 1 1 such that

z"1p NUxIX L Lsup) Ix n(t) -X n(t)IJ I !IC. (2.3)

~ij.

6-) property (T') if for oach r > 0 there exists it (Skorohndl) compact set KZ

Stich I i;a t

Ski Eit LX i - C (2.4)
11 n

Clearly, properLy (iuT) implies property (RR). Also, identically dis-

satisfy Wm) by L.emm~a 2 sInce (T) Follows from the rightness of identical

C T:A 2.do If WX< satisfye rpry(R)adpoet T) , tiohlend 2X

-~~ 
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satisfIes property (noT).

PROOF. Let E > 0 be given. Choose K (Skorohod) compact such that

i ,,sup FX 11 . KII. (2.5)

nxt Xsj lx K ) 6 ~~
'11 0)

Sin K is CompacL, taierc exists 6 > 0 Such that

':xt)- x(s)l jx(I--O) -x(sII + (2.6)

for each x E K whenever 0 -s t < u < s + 6 .

By (RR) choose a partition {t,,...,t m  of 1"0,11 such that

sup MafX sup Eix (t) - Xlt )  : (2.7)
n O-'i:m-l t ti- t<C i+1

and without loss of generality it can be assumed that t - t. < 6 for all

i =0,1.... ,m-l. Note that from (2.7)

sup max sup E IX (t) - X(ti)lIx 3 3 (2.8)
" n i t --t< ti+

.aud by the bounded convergence theorem (IXn(t) - Xn(t) I 1 tX KJ - 2 supI IX1,)

sup max E l - 0) - X(ti)IIx E I (2.9)

", n in

'1hus, fromt (2.6) and (2.5)

sup" max EI sup IX (L) - X(t)I

n i ti.-t<t
1 i+l

5 sup m x Eg sup IXn(t) - Xn(t)j KJ
: in i ti-A<ti+ _

+ sup max EL sup lXn(t) - Xn(t i)11(X j Kl i
n i ti t<t.+

. i+l .... 1

A



4

sup max El (jX(t -0 ) - Xn(ti) + ) j l
11 n n11

+ Sup E12 lIXnIIl X i i

sup max ELIX (t - 0) - Xn(t.) ITx l& + lIX KI
n i n

+£

3

~3 3 3

by (2.9) Iil

3t lProperLy (T) has been used in several laws of large numbers for random

ele'enIs in Banach spaces to eliminate the assumption of identical distributions.

I,, -nach spaces it could be assumed (wlog) th-t the compact set K in (2.4)

was also convex. Hlowever, this assumption is not possible in D since the

Skudrohud topology is not locally convex. Mreover, the consideration of V

with the uniform norm topology is much too restrictive on the functions which

can be random elements. Tius, in obtaining laws of large numbers for 1),

if,-,- and 'Taylor (1979) required convex Lightness or thaLt the (Skorohod)

ct set in (2.4) also be convex. lt particular, the previous convex

Ltightness condition can be partially formulated by the integral condition

sup Ermax sup lXn(t) - X (tii .q C. (2.10)
It i Li<t<t 0+1

Property (nT) is clearly mu-h more Ienural titan (2.10), and convergence results

in the next section using property (mT) are a marked improvement over tile

rtisults of Taylor and IDaffer (1979) and include the results for ideatical

distributions.

I a
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3. ALMOST SURE CONVERGENCE.

i.et {wk denote I sequtiu'e of pkisi t iwv von:ntl s. lef in,.
k

wn w + ... + wn' S I wk Xk, and N(x) = card~n: w < -- q x. Random

variable tY I are said to have uniformly bounded tail probabilities if there

exists a nonnegative real-valued random variable X such that

I.:* X >! < P[X > t t or 4ach n and for all t c I.. This property is denoted

by nY I X. T c lollowing real-valued result can be obtained Irom the geo-

metric Banach space results of Howell, Taylor and Woyczynski (preprint) and

wIll be tused in estalb] ishinig thte almust sure convergefnce of weighted sums ol

randm elements in I).

TlHO 1EM I. Let LX l ie independ aut (real-valued) random variables such

that {X I, X, EN(X) < ,, and for some 1 p - 2
n

9X-P > dy d t < .

I Wn  ' then

--- 0 a . S.

d n -wlitre

- ~ vkk Xk '1Xk5l
k=l kk < -k

w

RM-ARK. - f . EX < and EX= EX for all n, then

nn

Since

i 
I

_ _ , - I I.. . . . I
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..XJ - 'ni ErXn - Yn I I L d I'LlXnI tjtdL

1

n

w w
t 0 d PLIXI> t 1 -P PIX > -1 + fX > t dtWw n  w

w n nnnW

In n

0 as n-e.

•lEOK. M 2. Let tX I be independent random elements in D such that
n

(') property (mr) is satisfied, (ii) { IiXnII 1 " X and EN(X) <

(iii) EX EXl for all n, and (iv) for some I < p 2

il S~~~"' Pf -pX > t: fS (-2 dy dit < : 31

0 t y

w
I I W -4 and '-',then

• Wn

S n 0

IiPROOF. By property (mT) where exists a partition 0 t to < t<..t M-

sich that

X: p Ik() - Xk(t )I e e for each k. (3.2)

j Fcr each n

1-- 11X -1N kx Y 1 . -
wk k I'n k=1

md nax . . w_ sup ( - k(t.LI

:: I0- i-)n-- 1 11 L.:-I<

~.-'



+ w Ivkxk~i) - X1 (t:.)j

Osi~gni II

+ itax S.ip) EX(L EX (t). (3.3)

0.I: Ml .:I~ i+1

1 .1!~x;L til m !n (3.3) is less t.,u L since

sup IEX (L) -EX (t.) n Ell Sul) 1X(t) x x(tI

k ii

t .<xt (ttx(

W k= IF

for each i. Hence, the second term of (3.3) goes to 0 i~. s nt - 00.

For Owe first term of (3.3), define

Y - sup -xW x t) and ZL y -y M

For each i {Z k are independent random variables with zero means and

(i) - 2X. Thus,

kW 0 a.s. .

Ry* Theorem I , for each i 0,1 .. ,i-, or

k=1 kkk XklV-A

fo- r vcwli i by prop~erty (10'). . lti

H~~ . ill slip L fl (3.6)

- k= w- -. Xll IMF~



and the prooif is completed by taking a sequence of C's going to zero and by

excluding a countable union of null sets. I

To obtatin the traditional strong law of large numbers, let w k =I for

all k. Then, N(y) I-yi (the greatest integer function), and condition (3.1)

bevomes

0t ;j747 1y (i.~t= X P > tlIdt

for echrl p > I.Thus, [lie fol lowing corollary is immediate.

COiRIOL~LAIQ I .If IX I is a sel*(uenLL* ca independent random elements in I)

Such that (i) property (mT) is Satisfied, (ii) Ixn I-., X and EX < ~,and

4 (ii) EX EX, then

4It is easy to show tha t

m ' - ax E Supl() -1 EX 1(t) -(X n (L - EX (t il

I' i+I

' ~u I sup Ix (t) -X(.l

.111d 0111 lx-iX i as proaperty (uar) iif I X has property (mT). Also, If for
n i

SVCp > I , E lix 11 M bor all ii, Owan

1. P

will yi-eld a randomir var ia:bIe X such 111.1t lX X and

I)S
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4 COROL!ARY 2. If {X I is 'I SCunclt: 01 indelendent randoM el.mlt,-Is in D

such that (i) property (mT) holds an (ii) for some p > I. sup E ilxlip <-,

then

r~/I in
ji X Xk- EXI 0 a.S.

Corollary 2 represents a major improvement over Theorem I of Daffer and

Taylor (1979) in that not only is convergence in the Skorohod topology replaced

, y coravergence In the uniform norn but the restrictive condition of convex

Sis-itszn-;:: is replat-ed hy property (mT). Final ly. since identically distri-

huttd randor cletu-lnts With a first ,tbsolute mwent satisfy property (aT), the

follo%.irng rire general form of the strong law of large numbers is available.

T!IEOREM 3. If {X n  are identically distributed random elements in D

sih rhat (i) EX Iexists and I:N( l!xiJ ) < and (ii) for -ume I < p 5 2

*" J' '' lEx I dy at <,.

0 y
then

iiw ikk IF 1 0 aS
in k=I
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